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We calculate binding energies and densities of states of hydrogenic impurities in quantum-well
wires with rectangular cross sections using a variational procedure within the effective-mass approx-
imation. Calculations were performed as functions of the position of the impurity in a quantum-
well wire of infinite depth and for various sizes of the wire cross section. The center of gravity of
the impurity band and the density of impurity states are analyzed and compared with their
quantum-well counterparts, with similarities as well as differences being discussed. Our results indi-
cate that a proper consideration of the density of impurity states may be of relevance in the inter-
pretation of future experimental data related to shallow impurities in quantum-well wires.
I. INTRODUCTION
The physical motivation behind studying lateral
confinement in heterostructures —leading to quantum-
well wires (QWW s)—is intimately related to the promis-
ing possibility of dramatic changes in the electronic, opti-
cal, and transport properties of the epitaxially grown
single- and multiple-quantum-well "host" structures. For
some years since Sakaki's' suggestion of carrier-mobility
enhancement in QWW's, there were only a few attempts
to grow such structures. Petroff et al. used etching and
epitaxial regrowth in a pioneering work of QWW's while
several groups have studied quasi-one-dimensional trans-
port on laterally confined inversion layers. Indeed, the
experimental technique to grow QWW's is far from being
a set of standard procedures, due to the fact that fine con-
trol of lateral dimensions is more diScult than control of
layer thicknesses.
Nevertheless, several theoretical studies on electronic
structure, excitonic levels, transport properties, impuri-
ties, " as well as transport phenomena involving
scattering by ionized impurities' ' and by acoustic pho-
nons' in QWW's have been performed. Recently, photo-
luminescence measurements used to study optical proper-
ties of QWW's —based on epitaxially grown quantum
wells patterned by electron-beam lithography' ' with
lift-off procedures —were reported and focused-ion-beam
lithography' appears now as a promising alternative. In
such a context, the understanding of the nature of impur-
ity states associated with QWW's is a subject of renewed
scientific relevance. Following the work by Brum on
shallow impurity states confined in QWW's with rec-
tangular cross sections and infinite potential barriers, we
study the QWW "impurity band" and evaluate its center
of gravity and the density of impurity states. Our results
point out that the density of impurity states may be an
important quantity in the interpretation of experimental
data related to shallow impurities in QWW's.
In the following section we present the variational pro-
cedure used in evaluating the binding energy of shallow
hydrogenic impurities in QWW's. Results and discussion
are presented in Sec. III.
II. HYDROGKNIC IMPURITIES
IN A QUANTUM-WELL WIRE
We consider a QWW with a rectangular cross section
of dimensions L„and L and infinite in the z direction.
The origin is placed at the center of the wire cross sec-
tion. For a shallow hydrogenic impurity, the Hamiltoni-
an in the effective-mass approximation is
0=—V— 2
z 2 &a+~([(x —x, )'+(y —y; )'+z']' '
(2.1)
which is in effective atomic units (a.u. ), i.e., energies are
written in units of the effective Rydberg Ro —m'e /
2A co and lengths in units of the effective Bohr radius
ao —fi so/m'e . The impurity position is indicated by
x; and y;; the coordinate z is the relative coordinate of
the carrier with respect to the impurity along the axis of
the wire. The barrier potential V(x,y) is taken as zero
inside the QWW, i.e., for
~
x
~
&L„/2 and
~
y
~
&L~/2,
and infinite otherwise. As a trial wave function for the
ground state of the impurity, we use
f(r) =NP»(x, y) expI —[(x —x, )
+ (y —y, ) +z ]'~ /A, I , (2.2)
where A, is a variational parameter and P&&(x,y) is the
usual wave function for an unperturbed QWW. The tri-
al impurity ground-state energy ( g
~
0
~
g ) is to be mini-
mized with respect to k. The impurity binding energy
E, =E(L„,L,x, ,y; ) is calculated with respect to the bot-
tom (top) of the QWW conduction (valence) band.
If the QWW rectangular cross section is not too small,
one may treat the impurity position as a continuous ran-
dom variable and, provided that there is no intentional
doping, define a density of impurity states' ' per unit
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FIG. 4. Density of impurity states gi L (E, ) in reduced atomic units as a function of the impurity binding energy, E„for a rec-x y
tangular QWW, for various L with L„=1a.u. '.
ty band in square and rectangular QWW's clearly indi-
cates. We stress this because some previous theoretical
studies ' of impurities in quantum wells seem to have
overlooked that aspect when comparing calculated re-
sults with experiment. In fact, we believe that a
knowledge of the detailed shape of the density of impuri-
ty states (see Figs. 3 and 4) in QWW's may be of
relevance for the quantitative understanding of future ex-
perimental results for shallow impurities in QWW's.
Figure 3 shows the density of impurity states of a
square QWW for various sizes of the square cross section.
Note that the density of states of the impurity band be-
comes double peaked as L/ao increases. In comparing
the density of impurity states for a square QWW with
L/ao —10 with the result for a quantum well of thick-
ness 10ao [i.e., = 1000 A for donors, or =200 A for ac-
ceptors, in a GaAs-(Ga, A1)As quantum well; cf. Figs. 3
and 6 of Oliveira and Falicov' ], we find a very similar
behavior. This indicates that optical properties associat-
ed with impurities in a QWW with large cross sections
should not be very different from the corresponding prop-
erties in quantum wells, as one should expect. For
QWW's with not so large square cross sections
(L/ao ~ 5), however, the shape of the density of impuri-
ty states is quite different from the results for quantum
wells' and one might be able to observe such differences
in photoluminescence measurements on doped QWW's.
The density of impurity states gL L (F., ) is shown in
Fig. 4 for a QWW with rectangular cross section
(L„/ao —1, L variable). An important effect is the
splitting of the peak in the density of states of the impuri-
ty band, immediately after square symmetry is lost, into
two peaks of smaller intensities. The shape of the density
of impurity states becomes more complicated at large
values of L~/ao (with L„/ao =1) and for L /ao =10 we
note some similarity with the density of impurity states
due to a doped quantum well' of thickness L /ao = l.
In conclusion, we would like to point out that the
geometric shape of the cross section of QWW's may pro-
duce interesting features in the density of impurity states
(Figs. 3 and 4). In particular, our calculation indicates
that the density of states of the impurity band becomes
richer in structure as soon as some symmetry is lost (cf.
Fig. 4). One should therefore be cautious in analyzing ex-
perimental results on QWW's (e.g. , photoluminescence
spectra on doped QWW's) as uncertainties in the shape of
the wire cross section may produce important features in
the transition spectra.
Finally, although experimental results for the binding
energies of impurities in QWW structures are not yet
available, we believe our results indicate that a knowledge
of the center of gravity of the impurity band as well as
the shape of the density of impurity states may be of im-
portance in the quantitative understanding of future ex-
perimental work on shallow impurities in QWW struc-
tures.
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